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Introduction and motivations

Jacob Bernoulli (1654-1705) introduced the univariate Bernoulli distribution.

Key features of the Bernoulli distribution:
® Binary nature: success/failure, occurrence or not, etc.
® Advantages: simplicity, interpretability, flexibility, adaptability.

Multivariate Bernoulli distributions are important in various contexts:

® Actuarial Science, Machine Learning, QRM, Bio-informatics, Natural Language Processing, Etc.

Examples of applications:
® Actuarial science: fire occurrences for a portfolio of property insurance contracts.
Epidemiology: disease occurrences for a specific population.
Meteorology: daily rainfall occurrences on several sites.
Machine learning: binary classification for fraud detection.
Credit risk modelling: defaults for a credit portfolio.

2/79



Introduction and motivations

Individual Risk Model in Actuarial Science :
® Consider an insurance portfolio of d risks X = (X,..., Xy), where

B, IL=1
Xv—{o7 =0’ veVv={1,...,d} (1)
I=(h,...,l4): vector of d occurrence rvs, where I, ~ Bern(q.,), for v € V.

I follows a multivariate Bernoulli distribution, with joint cdf F;.

B, = loss amount rv of risk v, if [, =1, for v € V.

B = (Bu,...,Bq) : vector of d independent positive loss amount rvs.

I and B are independent.

Fire Insurance for property v € V:

X — B,, I, =1 fire occurs at or spreads to property v
Y 0, I, =0 otherwise '

® Number of occurrences rv for a subset A C V of risks: Ny = ZVeA I,, where Ny =0 and Ny = N.
® Aggregate loss amount rv for a subset A C V of risks: Sa = ZveA Xy, where Sy =0 and Sy = S.
® Today, we will focus on the distribution of Na.
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Agenda

The choice of F; has many implications in tasks performed using IRM:
® Distributions of Ny and Sx for any subset A € V.
® Risk measures, Premium rating and claim reserving.
® Contributions under risk sharing and risk allocation.
® Decision making.

Two main objectives of the talk:
® Study multivariate Bernoulli distributions associated with the tree-structured Ising model whose
dependence structure is encrypted on a tree.
® |nvestigate extreme negative dependence and the strongly Rayleigh property within the family of
multivariate Bernoulli distributions.

Agenda:
® Part 1: Fréchet class of multivariate Bernoulli distributions with fixed marginals.
® Part 2: Tree-structured Ising models with fixed marginals [C6té et al., 2025].
® Part 3: Extreme negative dependence and the strongly Rayleigh property within the family of
multivariate Bernoulli distributions [Cossette et al., 2025].
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Part 1: Fréchet class

Let By be the class of all d-dimensional multivariate Bernoulli distributions.
® We define By(q) C By as the Fréchet class of all d-dimensional multivariate Bernoulli distributions
with fixed parameters ¢ = (q1,-...,94), v € (0,1), v € V.
® Notation: qe =
® Fréchet bounds:
® If F; € Ba(q), then

W(I'l7 e id) < F[(i1, . ,I'd) < /\/’(1'17 C ,I'd)7 for all (i1, - ,id) S {O,I}d.
® The function W is the lower Fréchet bound:
Wi, ..., ia) =max(Fi(i)+ -+ Fa(ia) —d+1,0), (i,...,is) € {0,1}°.
® The function M is the upper Fréchet bound:
/\/’(1'17 e id) = min(Fl(il), Cee Fd(id)), (il, ey id) S {0,1}d.

®* FL(0)=1—¢, =7, and F (1) =1, veV.
For d > 2, M is the cdf of a vector of comonotonic rvs.
For d =2, W is the cdf of a vector of countermonotonic rvs.
For d > 2 and 0 < ge < 1, W is the cdf of a vector of mutually exclusive rvs.
Ford>2and 1< qe <d—1, Wis not a cdf.

vey v
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Part 1: Fréchet class

Let I = (/,,v € V) be a d-dimensional vector of Bernoulli rvs with F; € B4(q).
e Joint pmf: py(i) =Pr(h = ir,...,Ja = iq), i=(i,...,is) € {0,1}".

® Joint pgf P, is a multi-affine polynomial with positive real coefficients:

Pi() =Bttt = > pli)e...ef, tel-11]"
ic{o,1}d

A multi-affine polynomial P is a polynomial in which each variable has a degree at most one.
Helpful to investigate the dependence properties of I.

Powerful tool for aggregation: using Theorem 1 of [Wang, 1998], we find the pgf of Py from the
multivariate pgf of I

PN(t) = P,(t17"-’td)‘tlz"‘:td:t7 te [—1,1]. (2)
® Efficient evaluation of risk allocations based on generating function: see [Blier-Wong et al., 2025].
Applications of (2):
1. Identify the distribution of N from Py obtained with (2), when it is possible.
2. Compute the values of pmf fy from the pgf Py with FFT algorithm.
3. FFT and pgf: see Ch. 30 of [Cormen et al., 2022]
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Part 1: Fréchet class

Independence and joint pgf:
® Let I be a vector of independent rvs with F; € Bg(q).
e Joint pgf of I = multiaffine polynomial with 29 non-zero terms:

Pi(t)=(1— g1+ qt1) x -+ x (1 — qa + qata), t€[-1,1]".

Comonotonicity and joint pgf:
® Let I be a vector of comonotonic rvs with F; € By(q) such that 0 < g1 < -+ < q¢ < 1.
® Joint pgf of I = multiaffine polynomial with d + 1 non-zero terms:

Pi(t) =1—qa+(ga— ga—1)ta+(ga—1—ga—2)ta—1ta+- - -+ (g2 —q1)t2 . . . ta+qit1... tq, t€ [—171]d.

Mutual exclusivity and joint pgf:
® Let I be a vector of mutual exclusive rvs * with F; € By4(q), 0 < g1 < --- < g4 < 1 and

ZVEV av < 1.
® Joint pgf of I = multiaffine polynomial with d 4+ 1 (or d, if ZVGV qv = 1) non-zero terms:

Pi(t) =1— Go+ qit1 + qoto + - -- + qats, t<[-1,1]°.
!See [Dhaene and Denuit, 1999] and [Puccetti et al., 2015] about mutual exclusivity.
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Part 1: Fréchet class

Example inspired by Wall Drawing 413 of the artist Sol LeWitt:
® Let Fym) € Bo(q) where go = 3, for m=1,2,3.

v | 1 2 3 4 5 6 7 8 9
q | 022 040 016 045 050 033 020 038 0.36

® We present 50 samples of 1 for m=1,2,3.

® We used the acton sequential gradients scientific color maps? from [Crameri, 2018] to visually
represent the magnitude of the mean parameter g for each component of the vector.

® Each grid corresponds to I = (h,...,lk), where a 1 is represented by a colored square and a 0 is
represented by a white square.

)

ls Iy

2Concerning scientific color usage, see [Crameri et al., 2020] and [Bujack et al., 2017].
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Part 1: Fréchet class

Figure: 50 samples of IY) ~ MB Distribution 1. Q&A: F,qy = ? (a) Comon; (b) Indep; (c) Neither.
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Part 1: Fréchet class

Figure: 50 samples of I® ~ MB Distribution 2. Q&A: F,z) = ? (a) Comon; (b) Indep; (c) Neither.
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Part 1: Fréchet class

Figure: 50 samples of I® ~ MB Distribution 3. Q&A: F,s = ? (a) Comon; (b) Indep; (c) Neither.
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Part 1: Fréchet class

The inspiration . ..

‘”f m.
I i".? '
— . l

WALL DRAWING 413

Drcine S ¥ [A) with eor ik vshes. (24 droings)

""" e 1904

Figure: Sol LeWitt, Wall Drawing 413, MASS MoCA
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Part 1: Fréchet class

Let I = (/1,/2) with F; € Bz(q) with g = (ql,qg):

® Pearson correlation coefficient: pp(h,h) = a2 with o12) € A(q1,92), where

o) = |- min (|38 /32 ) oin (132023 )| < -1

If I'is countermonotonic, then a( ) = — min ( 9192 qqu)_

If 1 is comonotonic, then = min N | [ad )
s comonotonic, then ay1,2) PR Vi s

Values of joint pmf py 1, (i1,i2):

i | 0 1
0 419, + 1,2 \/q151q262 4192 — 0(1,2) \/q151q252

(3)
1 q1q9, — @12)1/ 9191929, G192 + 01,2)4/ 9141929,

Assuming d = 2 and mixed marginals = the Pearson correlation coefficient o ) defines F;.
Joint pgf :

73/1,/2(1“1,1“2) = Pn,hk (070) + p’11’2(1’0)t1 + p/17/2(0,1)t2 + p’1,12(171)t1t27 (t17t2) € [_171]2'

13/79



Part 1: Fréchet class
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Figure: Bounds on the Pearson correlation coefficient 1479



Part 1: Fréchet class

Results in [Fontana and Semeraro, 2018] about By(q):
® B4(q) = convex polytope with a finite number ny(q) of extremal points P plratal],
® For any F; € B4(q) with pmf p;, there exists
n= (7715 v 777nd(q)) € [0’1]'1

with Z;'i(lq) n; = 1 such that
ng(q)
pi(i) = > i), ie{o1}?.
j=1

Many approaches have been proposed to study MB distributions, namely
1. Multivariate Bernoulli distributions defined with common mixtures.
2. Multivariate Bernoulli distributions defined with multivariate copulas.

Today:
® We investigate multivariate Bernoulli distributions within the framework of graphical models.
® \We examine negative dependence within the family of multivariate Bernoulli distributions.
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Part 1: Fréchet class

Example: Assume g = (%, %, %

o /[1: pmf of a random vector I where I = vector of mutually exclusive rvs with joint cdf
Fi(i) = max(Fi(i1) + Fa(i2) + F3(i3) — 2;0), i€ {0,1}°

o ([101: pmf of a random vector I where I = vector of comonotonic rvs with joint cdf

F,(l) = min(F1(i1); F2(i2); F3(i3))7 i€ {011}3

® The pmf of the vector of independent rvs is not an extremal point of B3(q).

). B3(q) = convex polytope with ng(q) = 11 extremal points rlll ... 1]

i AT T P26 T ABIG) T G T BIG) T ATG T AT T ABIG) T A6 T A00G) T AT
(0,0,0) 0.274 0.417 0.417 0.524 0.524 0.56 0.607 0.607 0.667 0.667 0.637
(1,0,0) 0.25 0.107 0.25 0 0 0.107 0 0.06 0 0 0
(0,1,0) 0.143 0 0 0 0.143 0 0.06 0 0 0 0
(1,1,0) 0 0.143 0 0.143 0 0 0 0 0 0 0.03
(0,0,1) 0.333 0.333 0.19 0.226 0.083 0.19 0 0 0 0.083 0
(1,0,1) 0 0 0 0.107 0.25 0 0.25 0.19 0.19 0.107 0.22
(0,1,1) 0 0 0.143 0 0 0 0.083 0.143 0.083 0 0.113
(1,1,1) 0 0 0 0 0 0.143 0 0 0.06 0.143 0

Source of the values of the pmf rlll, ... (1. §53.1 in [Fontana and Semeraro, 2018]
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Part 1: Fréchet class
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Part 2: Tree-structured Ising model with fixed marginals

The tree-structured Ising model is a specific undirected graphical model defined on a tree
that is used to describe the stochastic behavior of a Bernoulli random vector I.

A tree T is an undirected graph (V,£), connected and acyclic:
o V={12...,d} = set of vertices
® £ = set of d — 1 edges
® path(u,v) : path from vertex u to vertex v
® path(u,v) : sequence of successive edges e € £
® the first edge starts at vertex u
® the last edge ends at vertex v
® the same edge cannot appear more than once in path(u,v)
® In 7 there is no path from a vertex to itself.
® We only consider trees.

T,: rooted version of a tree T
® r ¢V = one specific vertex labelled as the root

® For an undirected tree 7, one can choose any vertex r € V to be the root
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Part 2: Tree-structured Ising model with fixed marginals

Working with rooted version 7, of a tree T is helpful:
® descendants of vertex v = dsc(v),ve V:
® set of vertices whose path to the root r goes through v
® children of vertex v = ch(v), v € V:
® set of descendants of v that are also connected to v by an edge
® |eaf = vertex that has no children
® parent of vertex v = pa(v), v € V \ {r}:

® the sole vertex connected by an edge to v that is not the children of v
® The root r has no parent

Illustration with d = 7 vertices and root = 1:

e\ dsc(3) = {4,5,6,7}
( 2/\ /‘ %/‘\ ch(3) = {4,5} ch(2) =0
(+ ; pa(3) =1 pa(4)=3
/ N\ - path(2,5) = {(1,2), (1,3), (3,5)}

- ‘ leaves = {2,5,6,7}
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Part 2: Graphical Models

Graphical models are useful at capturing complex dependence relations among rvs.
They are tailored to build high-dimensional multivariate probabilistic models.
Applications: Bioinformatics, image processing, machine learning, etc.

Two large families of graphical models:
® Bayesian Networks, also called directed graphical models.
® Markov Random Fields, also called undirected graphical models.

Markov random fields (MRFs) are used to model high-dimensional vector of rvs:
1. Each node in the graph corresponds to a random variable.
2. Each edge between two adjacent nodes (rvs) capture direct interactions, which make the model
interpretable.

Two classical families of MRFs:
® Gaussian graphical model.
® Ising model.
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Part 2: Ising model - Natural parametrization

The Ising model is usually defined through the natural parametrization.
Let I = (I,,v € V) be an Ising model defined on a graph G = (V,&).
Under the natural parametrization, the pmf of I is given by
. 1 . . .
pl(l) = ?eXp Z T’V’V + Z n{v7w}IVIW I 1€ {071}d7 (4)
vey (v,w)e€

where
® n,veVandn ., (v,w) € are parameters;

® 7 is a normalizing constant.
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Part 2: Ising model - Natural parametrization

Definition 1 (Markov random field)

A vector of random variables I = {/,, v € V} is Markov random field encrypted on the graph G = (V,€), if
it satisfies the local Markov property:

Lo AL L|(4 = (uy) € ) (5)

for every pair of vertices u,v such that (u,v) & £, where L marks conditional independence.
We say a MRF is tree-structured if it is encrypted on a tree 7T .

Figure: I, 1L -|(b.)) 22/79



Part 2: Ising model - Natural parametrization

Hammersley-Clifford theorem: I, for which the pmf is non-zero, is a Markov random field
encrypted on graph G if and only if its distribution is Gibbs with respect to G.

Definition 2 (Gibbs distribution)

A distribution is Gibbs with respect to graph G = (V,&) if it is characterized by a pmf of
the form

pli) = 5 I1 owllie:vew)), e 01y, (6)

for some functions {ow, W € C}, where C is the set of cliques of the graph and Z is a
normalizing constant.

Cliques are sets of vertices such that every vertex is a neighbor to every other.
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Part 2: Tree-structured Ising model - Natural parametrization

The following theorem establish the link between tree-structured Ising models and tree
structured Markov random fields with Bernoulli marginal distributions.

Theorem 3 (Link)

Under the assumption that joint pmf are non-zero for every configuration on {0,1}9, all
tree-structured MRFs with Bernoulli marginal distributions are tree-structured Ising
models.

Let I be a tree-structured Ising model defined through the natural parametrization:
® | follows a MB distribution: F; € By
® Natural parameterization = major drawbacks for dependence modeling.
® The marginal distributions are not fixed: modification of 7, . results in a change of g, and q,.
® Computation of p; is arduous: we need to sum over {O,l}d find the normalizing constant.
® The computation of the values of the pmf of I4 = {/l,,v € A} for any A C V is also difficult.
® Sampling is not simple.
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Part 2: Tree-structured Ising model - Mean parametrization

To circumvent these major drawbacks, the authors of [Wainwright et al., 2008] suggest to
define the Ising model under the mean parametrization.

® Assume that / is a tree-structured Ising model defined on the tree 7 = (V,€).

® With Bernoulli parameters g and parameters o = (ae, e € £). Fix a root r € V.

® The pmf of I is

Piy.1 pd v) (’v’ ipa(v)) . d
pi(1) = py(h s pr,d s S 0,1 . 7
(1) = pu(it) - pi (i )H oo I (7)
® F; € By4(q) = Fréchet class of all d-variate Bernoulli distributions with parameters ¢ = (q1, . . . ,qq).
® Notation: I = (l,,v € V) follows a Multivariate Bernoulli Distribution, denoted I ~ MBy(q,c,T).
® Dependence parameters: o = (o), (v,w) € &), where o, w) € A(qv,quw) for each (v,w) € £.
® o,w = pp(l,l) for two adjacent rvs I, and I, linked by the edge (v,w) € €.
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Part 2: Tree-structured Ising model - Mean parametrization

Assume that I ~ MBy(q,a,T).

Advantages and original results:

® Only 2d — 1 parameters (g,a) and the configuration of 7 specify the multivariate
distribution of I ~ MB.

® Derive a stochastic representation for 1.

Find the Pearson’s correlation coefficient for any pair of I.
® Design an efficient sampling algorithm

Derive the multivariate pgf of I.
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Part 2: Tree-structured Ising model - Mean parametrization

Example: Assume that ¢ = (1/4,1/7,1/3) with pp(h, k) = 0.1 and pp(h,z) = 0.2.

Bs(q,a(1,2),0(1,3)) C B3(q)

B3(q,c(1,2),(1,3)) = convex polytope with 4 extremal points sl s 5Bl sl
Let I ~ MBy(q,0,7) with V = {1,2,3}, £ = {(1,2),(1,3)}, and oy1,2) = pp(h, k), 1,3y = pp(h, )

Fixing root r = 2, the expression of pj is

P (i,02)Pn 15 (1,13)

pi(i) = pi, (2) Py |y=in (W) Pr =i (3) = - , ie{01}.
pi (1)
i | sME) SBIG)  SBIG)  sMG) | e
(0,0,0) | 0.4488 0.4488 0.5408 0.5408 | 0.4745
(1,0,0) 0.075 0.1258 0.075 0.1258 | 0.1002
(0,1,0) 0.092 0.092 0 0 0.0663
(1,1,0) | 0.0509 0 0.0509 0 0.0256
(0,0,1) | 0.2092 0.2092 0.1172 0.1172 | 0.1835
(1,01) | 0.1242 0.0733 0.1242 0.0733 | 0.0989
(0,1,1) 0 0 0.092 0.092 0.0257
(1,1,1) 0 0.0509 0 0.0509 | 0.0253
Table: Values of the pmfs sl!l ... sl calculated using [4ti2 team, |, and p;
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Part 2: Tree-structured Ising model - Mean parametrization
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Part 2: Tree-structured Ising model - Mean parametrization

Example: I ~ MBs(q,a,T) with T = {V,£} where V = {1,2,3,4,5} and £ = {(1,2),(1,3),(3,4),(3,5)}.

a 1 ,
a(1,2) 1
& Y e
0 0 ags,
OO o

Fixing root r = 1, the expression of p; is

Q
or® oo
2
Q
= oW oo
<

Pk (i) pys (i) pr(i3,0a)  prg, i (73,05)
pr (i) pr (i) pr(i3) pi(i3)

pi(i) = pi (i) x . ie{01}.

Remarks:

® Only 2d — 1 = 9 parameters specifiy the distribution of I: q1,..., g5 and Q(1,2)5 Q(1,3)1 ¥(3,4)1 O(3,5)-

® Edges = direct interactions = interpretable model.

(®)
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Part 2: Stochastic representation

Stochastic representations of vector of rvs are important:
® Understand how dependence arises among the components of a vector of rvs.
® Design efficient algorithms for simulating samples of a vector of rvs.
® Derive expectation of integrable functions of the components of the vector of rvs.

We need the Binomial thinning operator (introduced in [Steutel et al., 1983]):
® |et K be a nonnegative integer-valued rv.
® The Binomial thinning operator o is

K y(a)
aoK = 2 I K>O,
0, K=0

where {J,(D‘), | € N} = sequence of iid Bernoulli rvs of parameter o € (0,1).
® |nterpretation: a o K = a-fraction of K.
® Applications :
® Dynamics of models for time series of count data:[WeiB, 2008], [Scotto et al., 2015]
® Study self-decomposability of discrete rvs: [Steutel and van Harn, 1979]
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Part 2: Stochastic representation

Theorem 4 (Stochastic representation)

Assume that | ~ MBgy(q,c,T) and let

o) = vV avaw(l — @)1 — qu), (v,w) €&,

and fix a root r € V.

Then | admits the following stochastic representation:

I, ~ Bern(q:)

9 (pa(v),v) I (pa(v),v)
=g +—=) 0olhan) + qv_—)o(l_lav)7
< Apa(v) ) pa(v) ( (1 - qpa(v)) =407

Convention: w00 = 0.

and

forv €r.
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Part 2: Stochastic representation

Example: Assume that I ~ MBs(q,a,7) with T = {V,£} illustrated as follows:

a 1 a, 0 0
a1,2) 1 0 0

oo P T
0 0 a@ 1 0

OO .

Stochastic representation of I assuming that r = 1 = rooted tree = T

b= (o 52) o+ - ) 01—
_ (1 3 o) 3 Iy = (q4+m)0/3+(q4— (le ) (1-h)
I3f(q + )ol1+(q3 (1—q1))o(1 Il)j{/s_(qs-fo(:if’))ol +(q5—(a :53)) o(l1—15h)

h =

where 00 = 0.
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Part 2: Pearson’s correlation coefficient

Theorem 5 (Pearson’s correlation coefficient)
If I ~ MBy4(q,c,T), the Pearson correlation coefficient of (I,,1,) is given by
pp(ly, lv) = H Qe, VEWE.
e€path(v,w)

= Exponential decreasing: Value of pp(l,, ) | as path’s length |path(v,w)|

Example: I ~ MBs(q,a,T) with T = {V,£} illustrated as follows:

° | h b Is Iy Iy

h 1 (1,2) (1,3) (1,3)%(3.,4) (1,3)%(3,5)

Q ° h 1 Q1,2)¥(1,3)  X1,2)¥(1,3)¥(3,4)  Y(1,2)¥(1,3)%(3,5)
s 1 (3,4) (3,5

Iy 1 ©(3,4)(3,5)
1

OO
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Part 2: Sampling Algorithm

lllustration of Sampling Algorithm: | ~ MBs(q,a,7T) with 7 = {V,E} illustrated as follows:

G 1 o, 0 0
o(1,2) 1 0 0

@ e Arp = |eqy 0 1 ape  a@s
0 0 1 0

OO C C

Detailed steps of the Sampling Algorithm assuming root r = 1:
1. Simulate l ~ Bern(q1).

If h =0, simulate l» ~ Bern(qz2 — , else h ~ Bern(qx + %

q»-A
= | [=
3,’:9

, else I3 ~ Bern(qz + %

q
< |
=2

If I3 =0, simulate Iy ~ Bern(qs —

qQ
T
S',ﬁ

2 ) )
3. If h =0, simulate /3 ~ Bern(qz — —=*) )
4 ), else /4 ~ Bern(q4 + %)
5 ) )

If I3 =0, simulate 5 ~ Bern(qs —

, else Iy ~ Bern(qs + %

Advantages of Sampling Algorithm based on the stochastic representation:
1. It is easy to implement.
2. It performs well for large values of d.
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Part 2: Multivariate pgf

Theorem 6 (Multivariate pgf)

Assume that | ~ MBy(q,a,T), let o(,,,) = a(u,v) \/quqv(l —qu)(1 —qv), for (u,v) € &, and fix a root r € V.
Then the multivariate pgf of | is given by

Pl(t) = (1 - ql’) H C,’Tr IdSC (i) ) + qrtr H € ldSC (i) 7 te [_171]d7 (9)

i€ch(r) i€ch(r)

with C‘,T’(t,,dsc(\,)) and SVT’(tvdSC(v)) recursively defined for every v € V\{r}:

C\Z’r (tvdsc(v)) = <1 —qv + pa(v) ) H C ldsc() (qv - _pacg‘/) ) H 5 IdSC (i) ) ; (10)
pa(v)

i€ch(v i€ch(v)
I (pa(v a(v
§VT’ (tvdsc(v)) = (1 —qv — (p (1), ) | I C Lidsc(i (qv + :’) (() > I I 6 Lidsc(i) ) » (11)
pa(v
i€ch(v i€ch(v)

where products taken over an empty set are equal to 1 by convention.
35/79



Part 2: Multivariate pgf

Applications of multivariate pgfs (generally) and Theorem 6 (specifically):
® Identify distribution of functions of I (when possible).
® Theorem 6 allows one to handle the multivariate pgf of I recursively, using (9), (10), and (11).
® [t is convenient to implement (9), (10), and (11) (with FFT algorithm) for computational purposes.

® One may choose any root r.

Details on multivariate pgfs:
® § 34.2.1 of [Johnson et al., 1997];
® Chapter 3 of [Flajolet and Sedgewick, 2009];
® Appendix A of [Axelrod and Kimmel, 2015].
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Part 2: Multivariate pgf

Herbert Wilf, Generatingfunctionology (1994):

A generating function is a clothesline on which we hang up a sequence of numbers for
display.

Figure: Morning Hockey League (MHL) Hockey Jerseys (Source: LMH)
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Part 2: Chow-Liu Algorithm

The Chow-Liu Algorithm allows us to find the maximum likelihood tree underlying the
tree-structured Ising model, [Chow and Liu, 1968]

It has two steps:
1. Step 1: Creating a matrix with the information between pairs of rvs.
2. Step 2: Applying a maximum spanning tree algorithm such as Kruskal's algorithm or Prim's
algorithm 3.

Step 1 has three substeps:
1. Step 1.1: Determine the Pearson correlation coefficient matrix.
2. Step 1.2: Compute the bivariate pmfs using (3).
3. Step 1.3: Use (12) to compute the information matrix.

1 1
- o Pr(h = in,h = i)
Z(I1,/2) = ZZ Pr(ll - ’17’2 - I2) In (Pr(h — /1) Pr(/2 = I2)> '

i1=0 i=0

3See, e.g., [Sedgewick and Wayne, 2011] for details

(12)
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Part 2: Chow-Liu Algorithm

[llustration of Prim’s algorithm:

® Let G = (V,&1,w) be a weighted graph and 7 = (V,&>) be the maximum spanning tree.

® Then, we iteratively add the maximum weight edge in £ which connects a new vertex in 7 to &
until all vertices in V are connected in 7.

® Each weight is a multiple of 5.

(a) Initial state (b) Iteration 1

(c) Iteration 2 (d) lteration 3

We illustrate the procedure in the next example. /79



Part 2: Numerical Example using Precipitation Data

Precipitation (rainfall and snowfall) data from 19 weather stations in Canada 1970-2025.
® Source = [Goverment of Canada, 2025]: 12662 observations after data cleaning.

® We apply the Chow-Liu algorithm to build a tree-based Ising model.

® Training data = 8500 randomly samble observations; test data = 4162 remaining observations.

City Number v City qv ‘ City Number v City qv

1 EDM 0.3700 11 WHI  0.3892
2 VIC  0.4526 12 SEP  0.4855
3 WIN  0.3582 13 ROU 0.5446
4 FRE 0.4327 14 THU 0.4216
5 STJ 0.5849 15 OTT 0.5282
6 HAL 0.4578 16 CAL 0.3199
7 TOR 0.4026 17 KEL 0.3879
8 CHA  0.4906 18 PRI 0.5316
9 QUE  0.5607 19 CHU 0.5346
10 REG 0.3458

Table: Estimated values of g,, vV ={1,...,19} *

4See the Appendix of the matrix of estimated Pearson correlation coefficient.
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Part 2: Numerical Example using Precipitation Data

<
X
R U
. :;nﬂ,
i)
00 01 02 03 04 05 06 07 08 09 10

Values of g

Figure: Estimated value of g, at each station v, v € V, on a map of Canada [Pixabay, 2025]. /70



Part 2: Numerical Example using Precipitation Data

0.2 03 0.4 0.5 06 0.7 0.8 0.9 1.0

Values of g

0.0 05

Values of o

Figure: Tree-structured Ising model: the tree found using the Chow-Liu algorithm 12)70



Part 2: Numerical Example using Precipitation Data

00 05

Values of «

Figure: Tree-structured Ising model: contributions of each stations (centrality) 43/70



Part 2: Numerical Example with 4 trees

Impact of the shape of the tree:
® \We consider four tree structures with d = 31 vertices V = (1,...,31)
® Structure A: T* = (V,£”) = 31-vertex-sized star
e Structure B: 78 = 5-nary tree of radius 2
e Structure C: 7€ = binary (2-nary) tree of radius 4

® Structure D: TP = 31-vertex-sized series tree

AssumptionS'
o g5 =qg=1% veV structure S € {A,B,C,D}.

31

e o =a= % e € &, structure S € {A,B,C,D}.

We compute values of two common risk measures in actuarial science and QRM:
® Value-at-Risk: VaRy (N) = 71(/{) = inf{x € R, Fn(x) > &}, for k € (0,1).
® Tail-VaR: TVaR( f Fry*(u)du, for k € (0,1).
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Part 2: Numerical Example with 4 trees

Structure A Structure B Structure C Structure D

Structure A Structure B Structure C  Structure D
E[N] 10 10 10 10
Var(N) 60.86 34.91 24.48 19.45
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Part 2: Numerical Example with 4 trees

Probability mass function of N

Cumulative distribution function of N

1.00
Tree A
‘ Tree B =
0.10
‘ Tree C 0.75 =
—~ Tree D —~ =
= R 0.50 Tree A
& &£
0.05 — Tree B
0.25 — Tree C
‘ ‘ ‘ H H H ‘ e
0.00 " M ‘ ‘ “ ‘\ [ 1.1 0.00 -
0 10 20 30 0 10 20 30

X

Structure A

Structure B Structure C

Structure D

Va.Ro,g(N) 22 19 17 16
TVaRo.9(N) 23.73 21.48 19.47 18.21
VaRo.00( V) 26 24 23 21
TVaRo.90(N) 26.45 25.56 24.14 22.64
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Part 2: Numerical Example with 4 trees

CIVaR(],) = contribution of I, to TVaR,(N) under Euler's rule, for v € V

Structure A:

CIVaR(n)  CcTVeR(L)  TVaR.(N)
0.9 1 0.758 23.73

Structure B:
cre H(l1) CT “‘H(b) Cr ;31{(14) TVaR,.(N)

K P

0.9 0.988 0.862 0.647 21.48

Structure C:
CI;aH(Il) C,.f”"“(lz) CKI;"*“(L;) CcTv H(Ig) CI;RH( ) TVaR.(N)

a
K K K K l16

0.9 0.774 0.814 0.758 0.660 0.547 19.47

Structure D:
C,.i a (/1) C,i & (/2) CK a (/4) CK a (IB) CK & (I16) C,i & ( ) TVQRH(N)

K 1o
0.9 0.60237 0.60235 0.60232 0.60218 0.60072 0.49826 18.21

Other applications: conditional mean risk sharing, in the vein of [Denuit and Robert, 2022].
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Part 2: Example of marginalization

Let I ~ MBy(q,,T), with d =21 and T = (V,£) = 4-nary tree of radius 2:
*gi=q=2,VveV, oal=a=1%1Veck.
® | can take 2% =2 097 152 values!
® Challenge:
® Find an efficient approach to compute all values of the pmf of a subset of / ...

e . without computing all the 22! = 2 097 152 values of the pmf p; and then marginalizing.
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Part 2: Example of marginalization

We compute the 16 values of the pmf of (3, Iz, l12, l15) using pgf of I and FFT algorithm:

i3 ir o s | P (3,07,012,05)
1 0 0 0 0 0.392626
2 0 0 0 1 0.074080
3 0 0 1 0 0.061211
4 0 0 1 1 0.059298
5 0 1 0 0 0.101381
6 0 1 0 1 0.019128
7 0 1 1 0 0.027518
8 0 1 1 1 0.026658
9 1 0 0 0 0.112686
10 1 0 0 1 0.021261
11 1 0 1 0 0.020692
12 1 0 1 1 0.020046
13 1 1 0 0 0.034272
14 1 1 0 1 0.006466
15 1 1 1 0 0.011514
16 1 1 1 1 0.011154

Computation time lower than 1 second on Philippe’s computer.
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Part 3: Extreme negative dependence and the SR property

The theory of negative dependence aims to have a "better understanding of what it
means for a collection of random variables to be repelling or mutually negatively
dependent" [Pemantle, 2000].

We consider two streams of research about the theory of negative dependence:

e Stream 1: The authors of [Puccetti et al., 2015] investigate different notions of
extreme negative dependence introduced in the literature to generalize
countermonotonicity when d > 2.

® Stream 2: Answering questions in Towards a theory of negative dependence
[Pemantle, 2000], the authors of [Borcea et al., 2009] introduce the Strongly
Rayleigh (SR) property, which is stronger than the Negatively Associated (NA)

property.

Our objective is to compare and combine both streams of research on the theory of
(extreme) negative dependence.
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Part 3: Extreme negative dependence

We consider the following notion of extremal negative dependence.

Definition 7 (X-countermonotonic)

A Bernoulli random vector I with F; € B4(q) is X-countermonotonic if for every subset
N C{1,...,d}, the random variables >°;, /; and >_j¢A lj are countermonotonic.

Th 3.7 [Puccetti et al., 2015]: A X-countermonotonic element always exists in Bg(q).
Notation: Set of X-countermonotonic elements = B3 (q) C Ba(q).
We prove that de(q) is a convex polytope with a finite number of extremal points.

If g = me {1,...,m— 1}, a Bernoulli random vector /, that satisfies the property of
¥ -countermonotonicity, also satisfies the property of joint mixability:

P(ht 4 ly=m)=1
For m€ {0,...,d}, let Ay m C {0,1}9 be the set of d-dimensional binary vectors with sum equal to m:

Adgm={(ir,...,ig) € {01}t iy + - + iy = m}. 51/70



Part 3: Extreme negative dependence

Assume that [ satisfies the property of X-countermonotonicity:
® If go € (mm+1)and m e {1,...,d — 2}, the support of I is Agm U Ag my1.

® Joint pgf:
Pi(t) = Z pi(i)Eh ...t
i€Ay mUAG mi1
® Pmf of N:
m + 1 - qo, k = m
fn(k) = < ge — m, k=m+1.
0, otherwise
® |Ifge=mand me {1,...,d — 1}, the support of I 'is € Ag m.
® Joint pgf:
Pi(t)= > pii)tl ..t
iE.Ad’m
® Pmf of N:

1, k=m
fn(k ’ .
w(k) {0, otherwise
® Variance of N: Var(N) = 0. 52/79



Part 3: Extreme negative dependence

Choose a Bernoulli random vector I with F; € BY(q):
® |t implies that

Var(h 4 -+ + lg) < Var(ly +--- + 1),

for all I’ with Fpr € Ba(q).
® Q1: Does it imply that
pp(h,lv) <0,
for all pairs in I?
® A: No, not for all I with F; € BY(q).
Q2: Is it possible to identify I with F; € B5(q) such that

pP(Iv»IW) S 07

for all pairs in I?

A: Yes. We need to introduce the Strongly Rayleigh (SR) property.
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Part 3: Strongly Rayleigh Property

First, we recall the most famous notion of negative dependence.

Definition 8 (Negatively associated (NA))

A d-dimensional random vector I € B4(q) is said to be negatively associated (NA) if for
any two disjoint set A1, A2 C V' and two monotone increasing functions hy, hy, the
following inequality holds

E[hy(l; - j € M)ha(l j € No)] < E[hu(lj = j € M)IE[ha(]; - j € N2)],
provided that the expectations are finite [Joag-Dev and Proschan, 1983].

The SR property was introduced in [Borcea et al., 2009]:

It answers questions raised in the paper Toward a theory of negative dependence [Pemantle, 2000].
[Borcea et al., 2009] is considered as an important achievement in the theory.

The authors connects negative dependence, geometry, and algebra.

Key result: SR = NS.

It is easier to check SR than to check NA. 54/79



Part 3: Strongly Rayleigh Property

The SR property is defined for MB distributions in terms of the joint pgf.
Definition 9 (Strongly Rayleigh property)

The rv I with F; € By(q) satisfies the strongly Rayleigh property if its pgf Py is real stable.

Q: What is a multi-affine polynomial P?

A: Theorem 5.6 of [Brandén, 2007]: A multi-affine polynomial P with real coefficients is real stable if and
only if, for every 1 < ji, o < d,

9 ) 92
>
P g 1) 2 0x3,0x;,

P(x)P(x), forall (x1,...,xs) € R%. (13)

Ox;, 0xj,

Example: Let I with F; € B3(q and pgf given by

1 1 1
Pi(t) = Sttt ot

We can verify that P; is stable using (13) and conclude that I satisfies the SR property.
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Part 3: Strongly Rayleigh Property

Assume that I with F; € B4(q) satisfies the SR property.

® SR = NA: If I with F; € B4(q) satisfies the strongly Rayleigh property, then it
implies that / satisfies the Negatively associated property.

® Negative pairwise correlation: pp(ly,l,) < 0 for all pairs (/1) of I.

e Marginalization: The SR property is closed under marginalization: 14 = (/,,v € A),
where A C V also satisfie the SR property.

Next: Find the distribution of I with F; € B%(q) such that I satisfies the SR property.
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Part 3: Conditional Bernoulli distributions

Consider B4(q) with d > 4 and with ge = m € {2,...,d — 2}.

We define the conditional Bernoulli distribution for I with F; € B%(q) as follows:
® Consider a vector K = (Ki, ..., Kq) of independent Bernoulli random variables with marginal means
w = (m,...,mq) € (0,1)%.
® Define the Bernoulli random vector I™ such that
p/w(i) = Pr(ll" = I'17 e ,/,",,r = im)
:Pr(Kl:I},...,Kd:l'd|K1—i-~-~—‘y-Kd:ITI)7 I.E.Ad,m.

Define the entropy H(pi) by
)= S —pii) In(pi(i). (14)

i€Ay m

Find 7* that maximizes the entropy H(ps~) over BY(q) with the constraints E[IT] = qv, v € V.

Then, I = I™" follows a conditional Bernoulli distribution with F; € B%(q) and pmf pu = [
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Part 3: Conditional Bernoulli distribution

Theorem 10

For any q € (0,1)9, there exists I with F; € BY(q) with pmf p; that maximizes the
entropy in the class Bg(q) that follows a conditional Bernoulli distribution and that
satisfies the SR property.

® Theorem 10 implies that every Fréchet class admits a Bernoulli random vector that satisfies both the
SR and the ¥-countermonotonicity properties.

® Conditional Bernoulli distributions have been studied in the framework of sampling with unequal
probabilities without replacement, [Chen, 2000].

® In Example 5.1 of [Ghosh et al., 2017], the authors show that I ~ Conditional Bernoulli distribution
satisfies the SR property. We show that it also satisfies the ¥-countermonotonicity property.

® Using a property of the SR property ([Borcea et al., 2009]), we introduce the method to define an
extension of the Conditional Bernoulli distribution for the case when qo € (m,m + 1) for
me{l,...,d —2} and d > 3.
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Part 3: Conditional Bernoulli distribution

e

Figure: Representation of By(q) and B%(q), where d > 4, qo € (1,d — 1).
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Part 3: Numerical lllustration 1

Consider B3 (q) C Ba(q) where q = (27—0,%,%,%) and g, = 2:

® B3(q) has 3 extremal points, denoted by p,u), p;, and pya).
e 1™ with F,u) € Bi(q) follows the Conditional Bernoulli distribution.

® p,« admits the representation as a convex combination of the 3 extremal points:

Py (i) = 0.4235p,) (i) + 0.3090p,2) (i) + 0.2675p,3) (i), i€ Asp.
i ] (1100) (1,010) (0,1,1,0) (1001) (01,01) (00,1,1) | H

Py (7) 0 (3) 3 % % % 1.3351

p,(z)(:.) (3) > 0 P D g 1.1922

Py3) (i) ) 0 0 36 36 3 1.1421

Py (i) | 0.080262 0.092688 0.177050 0.127050 0.242688  0.280262 | 1.691717
m | pp(E™ ™) pp(K™ ™) pp (K™ ™) pp(B™ ™) pp(B™ K™Y pp(K™ ™)
1 <0 <0 >0 >0 <0 <0
2 <0 >0 <0 <0 >0 <0
3 >0 <0 <0 <0 <0 >0
4 <0 <0 <0 <0 <0 <0

Quote from Patrizia: The SR property is equivalent to spreading the negative dependence between all the pairs of bo/79



Part 3: Numerical lllustration 2

Consider the Fréchet class By(q) with the following values (qs):

b
0.22 0.16 0.20

Definition of 1™ with Fym € Bo(q), for m = 1,2,3,4,5:
o | = independent components; 1® = comomonotonic components;
e |® ~ conditional Bernoulli distribution (= MB Distribution 3):
i . >0, i+~ iqg =3 (84 values
o pl(3)(’17 cee »’d) = .1 .d ( ) .
=0, h+- - +is# 3 (428 values)
® For example, we have

pl(3)(i1, e ,id) =Pr ([E) = 0.007669 p,(3)(i1, cee ,id) = Pr (E) = 0.013192

* pua (i) = 3 (i) + 3P (i), for i € {0,1}°.

(i) =
* pio (i) = 3P (i) + 3P (i), for i € {0,1}°. 61/79



Part 3: Numerical lllustration 2

Stop-Loss function of d

~

colour

~ 1) Comonotonic

~ 2) Gonvex Miture 2
— 3) Independent

Z 2 Convenx Miture 1
— 5) Conditional

25 5.0 75
d

Stop-loss function 7n(d) = E[max(N — d;0)]

"

0

s

| I I
“

2

o -

Conditonst Convex e 1 Comex iurs 2 Comonotanc

Variance of N

Conditons Gonvex re 1 ndopendont Convax iure 2 Comonotanc

Sum of the covariances of the pairs of /
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Part 3: Conditional expectation risk sharing rule

Consider a portfolio of d risks represented by the Bernoulli rvs I with F; € B4(q).
® The aggregate loss amount rvis S = bly + -+ - + bly = bN. We assume b = 1.
Contribution of risk v under the conditional expectation sharing rule: C,(I) = E[I,|N], v € V.

[ ]
® We compute the values of C,(I) using joint pgf of I and FFT algorithm [Blier-Wong et al., 2025].
[ ]

Numerical lllustration 2 (cont’d) Fréchet class By(q), where go = m =3, g3 = 0.16, g5 = 0.5.

08 ‘ J 08

0.0 02 04 06 08 10 0.0 02 0.4 06 08 10
3 3

Conditional expectation of risk 3 Conditional expectation of risk 5
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Conclusion

Brief summary:

1. In our journey throughout these two research projects about the family of multivariate Bernoulli
distributions, we have to work out of our comfort zone.

2. We had to study concepts in geometry, algebra, machine learning, and graph theory, and combine
them with our expertise about dependence models.

3. That might explain why we still have fun to do research with our students and colleagues.

Maybe, that's what the author of [Su, 2020] means by Mathematics for Human Flourishing.

Forthcoming:
1. Consider Markov Random Fields where the underlying dependence structure is encrypted in junction
trees.

2. Investigate aggregation methods for multivariate Bernoulli distributions in high dimension.
3. Investigate dependence properties of the tree-structured Ising models.

4. Explore the multiple facets of the strongly Rayleigh property and its applications in actuarial science.
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Conclusion
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Figure: Thank you for your attention! °

®JB also discovered the constant e by studying compound interest ©.
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Abstract

Multivariate Bernoulli distributions are essential in the modeling of binary data in a wide variety of contexts, such as
actuarial science, quantitative risk management, machine learning, natural language processing, and bioinformatics.
In this talk, | will present recent results on two topics related to multivariate Bernoulli distributions.

In the first part of my talk, | will consider tree-structured Ising models, a class of undirected graphical models for
Bernoulli random vectors. We introduce a stochastic representation of the components of the Bernoulli random
vectors such that the marginal distributions remain fixed. That representation has many advantages: to find the
Pearson’s correlation coefficient for any pairs of components of Bernoulli random vectors; to design an efficient
sampling algorithm; and to investigate properties of the tree-structured multivariate Bernoulli distributions. We also
derive an analytic expression for the joint probability generating function of the Bernoulli random vector. The latter
is used to build efficient computation methods for the sum of the components of the Bernoulli random vector.

In the second part, | will discuss negative dependence for Bernoulli random vectors. We will provide the essential
tools of negative dependence and extremal negative dependence in a common language and the framework of
multivariate Bernoulli distributions. We will characterize sigma-countermonotonicity and study the strongly Rayleigh
property within this class. We will illustrate those notions using the class of conditional Bernoulli distributions.

To conclude, | will present examples with actuarial applications of the results from the two topics.
Keywords: Ising model; Tree-structured undirected graphical models; Multivariate Bernoulli distribution;

Computational Methods; Negative dependence; Strongly Rayleigh Property; Actuarial Applications
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Part 2: Numerical Example

using Precipitation Data

CHU

VIC
0.039

-0.013
0.006
0.06
0.036
0.009
0.057
0.016
0.017
0.054
-0.017
0.021
-0.004
0.014
-0.03
0.373
0.268
-0.031

-0.01
-0.001
-0.021

FRE

0

0
0.002

1
-0.041
0.456
0.066
0.321

0.41

-0.004
0.014
0.277
0.105
-0.039
0.247
0.013
0.005
0.006
0.006

TOR

0.004
0.069
0.002
0.031

-0.045
0.142
-0.021
0.015
0.007
0.171
0.11
0.385
-0.041
0.007
0.023
-0.06

CHA

0.171

0.004

QUE

0.005

WHI
0.02
0.038

0.024
0.038
0
0.018
-0.065
0.021
0.14
0.028

SEP

ROU
0.001

0.037
0.054
0.002
0.025
0.116
0.009
0.131

THU
0.004
0
0.247
0.008
0
0.004
0.018
0.001
0.02
0.055
0
0.007
0.151
1
0.014
0.014
-0.014
0.01
-0.079

0.302
0.046
1
-0.044
0.007
0.016
-0.011

CAL
0.314
0.012
0.045

0

o ooo

0
0.203
0.006

0
0.002
0.011
0.001

1

0.14
0.002
0.026

KEL
0.015
0.373

0.005
1
0.26
-0.037

PRI

0.001
0
0.046
0.1
1
-0.008

CHU

0.035
0.001
0.016
0.014
0.006
0.085

0.244
0.011
0.002
0.037

= o o

Table: Correlation matrix where the

inferior triangle corresponds to the empirical values from the training
data and the superior triangle corresponds to the model’s estimated values
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Part 2: Numerical Example using Precipitation Data

Let N = 2}21 I;, we can compare the values for the pmf of N for the testing data, the
estimated model and an independent case as reference using the Poisson binomial
distribution (see [Tang and Tang, 2023]).

k  Empirical fy(k) Model fy(k) Independent fy(k)
0 0 0.0005 0.00001
1 0.00264 0.00307 0.00014
2 0.01201 0.01012 0.00112
3 0.02186 0.02372 0.00541
4 0.05022 0.04415 0.01842
5 0.07256 0.06921 0.04676
6 0.08938 0.09472 0.09182
7 0.11893 0.11579 0.1427
8 0.12302 0.1281 0.17811
9 0.12638 0.12897 0.18013
10 0.11917 0.11798 0.14821
11 0.09178 0.09747 0.09921
12 0.07304 0.07206 0.05381
13 0.04998 0.04711 0.02344
14 0.02763 0.0268 0.00808
15 0.01466 0.01299 0.00215
16 0.00481 0.0052 0.00043
17 0.00168 0.00163 0.00006
18 0.00024 0.00036 0.00001
19 0 0.00004 0
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Part 2: Numerical Example using Precipitation Data

Using the devon scientific color map from [Crameri, 2018], we can visualize the
differences in the cdf of N.

1.00

colour

g 0.50 Empirical
w ~ Independent
= Model
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